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Abstract. We demonstrate that in a certain gauge the elliptic Ruijsenaars–
Schneider models admit Lax representation governed by the same dynamical r–
matrix as their non–relativistic counterparts (Calogero–Moser models). This phe-
nomenon was previously observed for the rational and hyperbolic models.
1 Introduction
In the recent years the interest in the Calogero–Moser type of models [1]–
[4] is considerably revitalized. One of the directions of this recent devel-
opment was connected with the notion of the dynamical r–matrices and
their interpretation in terms of Hamiltonian reduction [5]–[16]. Very re-
cently [13],[14], [15], [16], this line of research included also the so–called
Ruijsenaars–Schneider models [3],[4] which may be seen as relativistic gen-
eralizations of the Calogero–Moser ones [1], [2].
In the paper [13] a quadratic (dynamical) r–matrix Poisson structure was
found for the dynamical system describing the motion of the solitons of the
sine–Gordon model. This system turns out to be a particular case of the
hyperbolic Ruijsenaars–Schneider model corresponding to a particular value
of the parameter γ of the model (cf. (2.4) below), namely γ = ipi/2, when
the Lax matrix becomes symmetric in some gauge,
The case of general hyperbolic Ruijsenaars–Schneider model, admitting
also the rational model as a limiting case, was considered in [14]. There was
found a linear r–matrix structure for this model, with the linear dependence
of the r–matrix on the elements of the Lax matrix. However, as it stands,
the structure found in [14] cannot be cast into a quadratic form.
This drawback was overcome in [15], where the quadratic r–matrix Pois-
son bracket was found for the general rational and hyperbolic models. More-
over, this bracket turned out to posess several remarkable properties.
• First, the r–matrix objects turned out to be independent on the rela-
tivistic parameter γ of the model.
• Second, and more important, the r–matrix object governing the whole
hierarchy of the Lax equations attached to the Ruijsenaars–Schneider
model turned out to be identical with the corresponding object govern-
ing the non–relativistic Calogero–Moser hierarchy.
A geometric interpretation of this intriguing property was also provided in
[15]. Several open problems were formulated in [15], the first of them be-
ing the generalization of these findings to the case of elliptic Ruijsenaars–
Schneider model.
Soon after [15] there appeared the paper [16] where an r–matrix quadratic
Poisson bracket for the elliptic Ruijsenaars–Schneider model was found, thus
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partly solving the mentioned problem. However, despite the fact that this
bracket has the same general structure as the one found in [15], it turns out
not to generalize the latter. It fails to have the two remarkable properties
pointed out above, and moreover it does not reduce to the bracket found in
[15] in the corresponding (rational or hyperbolic) limit.
In the present paper we give a proper generalization of the results in
[15] for the elliptic case. Namely, we present a quadratic r–matrix structure
for this model enjoying the two properties listed above. An existence of
two different r–matrix Poisson brackets for one and the same model is not
contradictory, because of the well–known non–uniqueness of an r–matrix. So
in principle both can coexist on their own rights. We hope, however, that
the two remarkable properties pointed out above indicate on some deeper
geometric meaning to be clarified in the future, so that the result reported
here will be accepted as the r–matrix for the elliptic Ruijsenaars–Schneider
model.
2 Elliptic models of the Calogero–Moser type.
The elliptic non–relativistic Calogero–Moser hierarchy is described in terms
of the Lax matrix
L = L(x, p, λ) =
N∑
k=1
pkEkk + γ
∑
k 6=j
Φ(xk − xj , λ)Ekj. (2.1)
Here the function Φ(x, λ) is defined as
Φ(x, λ) =
σ(x+ λ)
σ(x)σ(λ)
, (2.2)
where σ(x) is the Weierstrass σ–function. Further, λ is an auxiliary (so
called spectral) parameter which does not enter the equations of motion
of the model, but rather serves as a useful tool for its solution. On the
contrary, γ is an internal parameter of the model, usually supposed to be pure
imaginary. The dynamical variables x = (x1, . . . , xN)
T and p = (p1, . . . , pN)
T
are supposed to be canonically conjugated, i.e. to have canonical Poisson
brackets:
{xk, xj} = {pk, pj} = 0, {xk, pj} = δkj . (2.3)
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The Hamiltonian function of the Calogero–Moser model proper (i.e. of the
simplest representative of the Calogero–Moser hierarchy) is given by
H(x, p) =
1
2
N∑
k=1
p2k −
1
2
γ2
∑
k 6=j
℘(xk − xj) =
1
2
trL2(x, p, λ) + const,
where const = −N(N − 1)γ2℘(λ)/2, and ℘(x) is the Weierstrass elliptic
function.
The elliptic relativistic Ruijsenaars–Schneider hierarchy is also described
in terms of the Lax matrix
L(x, p, λ) =
N∑
k,j=1
Φ(xk − xj + γ, λ)
Φ(γ, λ)
bjEkj. (2.4)
The notations are the same as above, and we use an additional abbreviation:
bk = exp(pk)
∏
j 6=k
(
σ(xk − xj + γ)σ(xk − xj − γ)
σ2(xk − xj)
)1/2
, (2.5)
so that in the variables (x, b) the canonical Poisson brackets (2.3) take the
form
{xk, xj} = 0, {xk, bj} = bkδkj,
{bk, bj} = bkbj
(
ζ(xj −xk + γ)− ζ(xk−xj + γ)+2(1− δkj)ζ(xk−xj)
)
. (2.6)
Here ζ(x) is, of course, the Weierstrass ζ–function, i.e.
ζ(x) =
σ′(x)
σ(x)
.
The Hamiltonian function of the Ruijsenaars–Schneider model proper (i.e.
of the simplest member of this hierarchy) is simply
H(x, p) =
N∑
k=1
bk = trL(x, p, λ).
Let us note that the non–relativistic limit, leading from the Ruijsenaars–
Schneider model to the Calogero–Moser one, is achieved by rescaling p 7→ βp,
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γ 7→ βγ and subsequent sending β → 0 (in this limit Lrel = I + βLnonrel +
O(β2)).
Let us also note that the evolution of either of the non–relativistic or the
relativistic model is governed by the Lax equation of the form
L˙ = [M,L], (2.7)
where, for example, for the Ruijsenaars–Schneider model one has:
Mkj = Φ(xk − xj , λ)bj , k 6= j, (2.8)
Mkk =
(
ζ(λ) + ζ(γ)
)
bk +
∑
j 6=k
(
ζ(xk − xj + γ)− ζ(xk − xj)
)
bj . (2.9)
An r–matrix found below enables one to give a general formula for the matrix
M for an arbitrary flow of the corresponding hierarchy (cf. [15] for such
formulas in the rational and hyperbolic cases).
3 Dynamical r-matrix formulation
An r–matrix formulation of the elliptic Calogero–Moser model was given
in [6], [7] as a generalization of the previous result obtained in [5] for the
rational and hyperbolic cases. The result of [6] may be presented in the
following form: for the non–relativistic case the corresponding Lax matrices
satisfy a linear r–matrix ansatz
{L(λ) ⊗, L(µ)} = [I ⊗ L(µ), r(λ, µ)]− [L(λ)⊗ I, r∗(λ, µ)] , (3.1)
where the N2 ×N2 matrix r(λ, µ) may be decomposed into the sum
r(λ, µ) = a(λ, µ) + s(λ). (3.2)
Here a is a skew–symmetric matrix
a(λ, µ) = −ζ(λ− µ)
N∑
k=1
Ekk ⊗Ekk −
∑
k 6=j
Φ(xj − xk, λ− µ)Ejk ⊗ Ekj, (3.3)
and s is a non–skew–symmetric one:
s(λ) = ζ(λ)
N∑
k=1
Ekk ⊗ Ekk +
∑
k 6=j
Φ(xj − xk, λ)Ejk ⊗Ekk. (3.4)
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Here the ”skew–symmetry” is understood with respect to the operation
r∗(λ, µ) = Πr(µ, λ)Π with Π =
N∑
k,j=1
Ekj ⊗Ejk.
So we have
a∗(λ, µ) = −a(λ, µ),
and
s∗(µ) = ζ(µ)
N∑
k=1
Ekk ⊗Ekk +
∑
k 6=j
Φ(xj − xk, µ)Ekk ⊗ Ejk. (3.5)
(Note that our r is related to the objects r12, r21 in [6] by means of
r = −r21 and r
∗ = −r12).
We shall prove that in the relativistic case the corresponding Lax matrices
satisfy the quadratic r–matrix ansatz:
{L(λ) ⊗, L(µ)} = (L(λ)⊗ L(µ))a1(λ, µ)− a2(λ, µ)(L(λ)⊗ L(µ))
+ (I ⊗ L(µ))s1(λ, µ)(L(µ)⊗ I)− (L(λ)⊗ I)s2(λ, µ)(I ⊗ L(µ))
(3.6)
where the matrices a1, a2, s1, s2 satisfy the conditions
a∗1(λ, µ) = −a1(λ, µ), a
∗
2(λ, µ) = −a2(λ, µ), s
∗
2(λ, µ) = s1(λ, µ), (3.7)
and
a1(λ, µ) + s1(λ, µ) = a2(λ, µ) + s2(λ, µ) = r(λ, µ). (3.8)
The first of these conditions assures the skew–symmetry of the Poisson
bracket (3.6), and the second one garantees that the Hamiltonian flows
with invariant Hamiltonian functions ϕ(L) have the Lax form (2.7) with
the form of the M–matrix being governed by the same r–matrix as in the
non–relativistic case.
Such general quadratic r-matrix structures were discovered several times
independently [18], [19], [20]. See [20] for an application to closely related,
but much more simple systems of the Toda lattice type.
Theorem. For the Lax matrices of the relativistic model (2.4) there holds
a quadratic r–matrix ansatz (3.6) with the matrices
a1 = a + w, s1 = s− w,
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a2 = a+ s− s
∗ − w, s2 = s
∗ + w,
and w is an auxiliary matrix
w =
∑
k 6=j
ζ(xk − xj)Ekk ⊗Ejj. (3.9)
Note that all the objects a, s, w entering these formula do not depend on
γ, and that (3.8) is fulfilled, which justifies the title of the present paper.
The proof of this Theorem is based on direct computations, presented in
the Appendix.
4 Conclusions
Now that the formal part of the results in [15] is generalized, it is tempting
to find a geometrical explanation of the phenomena behind it. To this end
one should develop further the theory of Calogero–Moser type models as
Hamiltonian reduced systems.
Certainly, this problem should be supplied with the whole list of open
problems formulated in [15], [16].
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6 Appendix: proof of the Theorem
Let us denote
{Lij(λ), Lkm(µ)} = piijkmLij(λ)Lkm(µ),
[L(λ)⊗ L(µ), a(λ, µ)] =
N∑
i,j,k,m=1
αijkmLij(λ)Lkm(µ)Eij ⊗ Ekm,
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and analogously
s(λ)(L(λ)⊗ L(µ)) =
N∑
i,j,k,m=1
σ
(1)
ijkmLij(λ)Lkm(µ)Eij ⊗ Ekm,
s∗(µ)(L(λ)⊗ L(µ)) =
N∑
i,j,k,m=1
σ
(2)
ijkmLij(λ)Lkm(µ)Eij ⊗Ekm,
(I ⊗ L(µ))s(λ)(L(λ)⊗ I) =
N∑
i,j,k,m=1
σ
(3)
ijkmLij(λ)Lkm(µ)Eij ⊗Ekm,
(L(λ)⊗ I)s∗(µ)(I ⊗ L(µ)) =
N∑
i,j,k,m=1
σ
(4)
ijkmLij(λ)Lkm(µ)Eij ⊗ Ekm.
The statement of the Theorem is equivalent to
piijkm = αijkm−σ
(1)
ijkm+σ
(2)
ijkm+σ
(3)
ijkm−σ
(4)
ijkm+wik+wjm−wim−wjk, (6.1)
where wjk = (1 − δjk)ζ(xj − xk) are the coefficients of the auxiliary matrix
w =
∑
j 6=k wjkEjj ⊗Ekk.
According to the Poisson brackets (2.6) we have:
piijkm = ζ(xm − xj + γ)− ζ(xj − xm + γ) + 2(1− δjm)ζ(xj − xm)
+(δjk − δjm)
(
ζ(xk − xm + γ)− ζ(xk − xm + γ + µ)
)
− (δim − δjm)
(
ζ(xi − xj + γ)− ζ(xi − xj + γ + λ)
)
. (6.2)
From the definitions of the matrices a and s we have:
αijkm = (δik − δjm)ζ(λ− µ)
+(1− δik)
Lkj(λ)Lim(µ)
Lij(λ)Lkm(µ)
Φ(xi − xk, λ− µ)
−(1 − δjm)
Lim(λ)Lkj(µ)
Lij(λ)Lkm(µ)
Φ(xm − xj , λ− µ);
σ
(1)
ijkm = δikζ(λ) + (1− δik)
Lkj(λ)
Lij(λ)
Φ(xi − xk, λ);
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σ
(2)
ijkm = δikζ(µ) + (1− δik)
Lim(µ)
Lkm(µ)
Φ(xk − xi, µ);
σ
(3)
ijkm = δimζ(λ) + (1− δim)
Lmj(λ)
Lij(λ)
Φ(xi − xm, λ);
σ
(4)
ijkm = δjkζ(µ) + (1− δjk)
Ljm(µ)
Lkm(µ)
Φ(xk − xj , µ).
Using the expressions for the elements of the matrix L, we get:
αijkm = (δik − δjm)ζ(λ− µ)
+(1− δik)
Φ(xk − xj + γ, λ)Φ(xi − xm + γ, µ)Φ(xi − xk, λ− µ)
Φ(xi − xj + γ, λ)Φ(xk − xm + γ, µ)
;
−(1 − δjm)
Φ(xi − xm + γ, λ)Φ(xk − xj + γ, µ)Φ(xm − xj , λ− µ)
Φ(xi − xj + γ, λ)Φ(xk − xm + γ, µ)
;
σ
(1)
ijkm = δikζ(λ) + (1− δik)
Φ(xk − xj + γ, λ)Φ(xi − xk, λ)
Φ(xi − xj + γ, λ)
;
σ
(2)
ijkm = δikζ(µ) + (1− δik)
Φ(xi − xm + γ, µ)Φ(xk − xi, µ)
Φ(xk − xm + γ, µ)
;
σ
(3)
ijkm = δimζ(λ) + (1− δim)
Φ(xm − xj + γ, λ)Φ(xi − xm, λ)
Φ(xi − xj + γ, λ)
;
σ
(4)
ijkm = δjkζ(µ) + (1− δjk)
Φ(xj − xm + γ, µ)Φ(xk − xj , µ)
Φ(xk − xm + γ, µ)
.
The most laburous part of the further manipulations is the simplification
of the expression for αijkm. This was performed already in [16], we give here
slightly more details. Following two elliptic identities were used in [16] to
this aim:
Φ(X − A, λ)Φ(Y + A, µ)Φ(A, λ− µ)− Φ(Y + A, λ)Φ(X −A, µ)Φ(X − Y + A, λ− µ)
Φ(X, λ)Φ(Y, µ)
=
ζ(A)− ζ(X − Y + A) + ζ(X − A)− ζ(Y + A),
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and
Φ(Y, λ)Φ(X, µ)Φ(X − Y, λ− µ)
Φ(X, λ)Φ(Y, µ)
= ζ(λ−µ)+ζ(X−Y )−ζ(X+λ)+ζ(Y +µ).
One gets:
αijkm = (δik − δjm)ζ(λ− µ)
+(1− δik)(1− δjm)
(
ζ(xi−xk)− ζ(xm−xj)+ ζ(xk−xj +γ)− ζ(xi−xm+γ)
)
+(1− δik)δjm
(
ζ(λ−µ)+ ζ(xi−xk)− ζ(xi−xj +γ+λ)+ ζ(xk−xm+γ+µ)
)
−(1−δjm)δik
(
ζ(λ−µ)+ζ(xm−xj)−ζ(xi−xj+γ+λ)+ζ(xk−xm+γ+µ)
)
.
Further straightforward manipulations give:
αijkm = (1− δik)ζ(xi − xk)− (1− δjm)ζ(xm − xj)
+ζ(xk − xj + γ)− ζ(xi − xm + γ)
+(δik − δjm)
(
ζ(xk − xm + γ)− ζ(xk − xm + γ + µ)
)
− (δik − δjm)
(
ζ(xi − xj + γ)− ζ(xi − xj + γ + λ)
)
. (6.3)
By simplifying the expressions for σ
(1−4)
ijkm one uses systematically the iden-
tity
Φ(X, λ)Φ(Y, λ)
Φ(X + Y, λ)
= ζ(λ) + ζ(X) + ζ(Y )− ζ(X + Y + λ).
One gets following expressions:
σ
(1)
ijkm = ζ(λ) + (1− δik)
(
ζ(xi − xk) + ζ(xk − xj + γ)− ζ(xi − xj + γ + λ)
)
;
σ
(2)
ijkm = ζ(µ) + (1− δik)
(
ζ(xk − xi) + ζ(xi − xm + γ)− ζ(xk − xm + γ + µ)
)
;
σ
(3)
ijkm = ζ(λ) + (1− δim)
(
ζ(xi − xm) + ζ(xm − xj + γ)− ζ(xi − xj + γ + λ)
)
;
σ
(4)
ijkm = ζ(µ) + (1− δjk)
(
ζ(xk − xj) + ζ(xj − xm + γ)− ζ(xk − xm + γ + µ)
)
.
It follows after straightforward manipulations:
−σ
(1)
ijkm + σ
(2)
ijkm + σ
(3)
ijkm − σ
(4)
ijkm =
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2(1− δik)ζ(xk − xi) + (1− δim)ζ(xi − xm)− (1− δjk)ζ(xk − xj)
+ζ(xi − xm + γ)− ζ(xk − xj + γ) + ζ(xm − xj + γ)− ζ(xj − xm = γ)
+(δik − δim)
(
ζ(xi − xj + γ)− ζ(xi − xj + γ + λ)
)
− (δik − δjk)
(
ζ(xk − xm + γ)− ζ(xk − xm + γ + µ)
)
. (6.4)
Now it is easy to see that combining (6.3), (6.4), and (6.2), one gets (6.1),
which proves the Theorem.
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